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Abstract. For Denjoy-Carleman difFerentiable function classes C*^ where 
the weight sequence M = (Mf^) is logarithmically convex, stable under deriva- 
tions, and non-quasianalytic of moderate growth, we prove the following: 
A mapping is if it maps C*^-curves to C^-curves. The category of 

C*f -mappings is cartesian closed in the sense that C*'^(-E, C*^(-F, G)) = 
{E X F,G) for convenient vector spaces. Applications to manifolds of 
mappings are given: The group of C^^-diffeomorphisms is a C*^-Lie group 
but not better. 



1. Introduction 

Denjoy-Carleman difFerentiable functions form spaces of functions between real 
analytic and C'°°. They are described by growth conditions on the Taylor expan- 
sions, see (|2.1I) . Under appropriate conditions the fundamental results of calculus 
still hold: Stability under differentiation, composition, solving ODEs, applying the 
implicit function theorem. See Section ([2]) for a review of Denjoy-Carleman difFer- 
entiable functions, which is summarized in Table 1. 

In [inj, [IZj, 0, [3T], [IHj, see [TH] For a comprehensive presentation, convenient 
calculus was developed For C°°, holomorphic, and real analytic functions: see ap- 
pendix ([7|), (O, © For a short overview of the essential results. 

In this paper we develop the convenient calculus for Denjoy-Carleman classes 
C^^ where the weight sequence M = (Mfc) is logarithmically convex, stable under 
derivations, and non-quasianalytic of moderate growth (this holds For all Gevrey 
difFerentiable functions G-^^^ for S > 0). By 'convenient calculus' we mean that the 
following theorems are proved: A mapping is C^^ if it maps C*''^-curves to C^- 
curves, see p.9p : this is wrong in the quasianalytic case, see 13. 121 The category of 
C*^-mappings is cartesian closed in the sense that C'^^{E, C^'^ {F, G)) = G^'^E x 
F,G) for convenient vector spaces, see (|5.3|) : this is wrong for weight sequences 
of non-moderate growth, see (|5.4p . The uniform boundedness principle holds for 
linear mappings into spaces of C*^-mappings. 

For the quasianalytic case we hope for results similar to the real analytic case, 
but the methods have to be different. This will be taken up in another paper. 

In chapter Q some applications to manifolds of mappings are given: The group 
of C*^-difFeomorphisms is a C*^-Lie group but not better. 

2. Review of Denjoy-Carleman differentiable functions 

2.1. Denjoy Carleman classes C^^(M",M) of difFerentiable functions. We 

mainly Follow [27] (see also the references therein). We use N — N>oU{0}. For each 
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multi-index a = (ai, . . . ,a„) € N", we write a\ — ail ■ ■ •«„!, |a| — ai + ■ ■ ■ + a„, 
and d" = (9l"l/9x^i ■ 

Let M — {Mk)ker-i be an increasing sequence {Mk+i > Mk) of positive real 
numbers with Mq = 1. Let J7 C K" be open. We denote by C^'^ (U) the set of all 
/ G C°°{U) such that, for all compact K C U, there exist positive constants C and 
p such that 

(2.1.1) <Cpl"l|a|!M|„| 

for all a £ N" and x E K. The set C^' (U) is a Denjoy-Carleman class of functions 
on U. If Mk = 1, for aU k, then C*^(C/) coincides with the ring C^iU) of real 
analytic functions on U. In general, C"([/) C C^(C/) C C°°(C/). 
We assume that AI — (Mk) is logarithmically convex, i.e., 

(2.1.2) M| < Mk^i Mk+i for aU fc, 

or, equivalently, Mk+i/Mk is increasing. Considering Afg = 1, we obtain that also 
(Mfe)^/*^ is increasing and 

(2.1.3) Ml Mk < Mi+k for all Z, fc G N. 
We also get (see (HU) 

(2.1.4) M'lMk'>MjMa^---Ma^ for aU a, e N>o, ai H Va^^k. 

Let M = {Mk) be logarithmically convex. Then M'^ — Mk/Mo M^ > 1 is increasing 
by ((TO)) , logarithmically convex, and C*^(f/) = C*^'(f/) for all U open in R" by 
()2.1.5|) . So without loss we assumed at the beginning that M is increasing. 

Hypothesis (|2.1.2p implies that (U) is a ring, for all open subsets U C M", 
which can easily be derived from ()2.1.3|) by means of Leibniz's rule. Note that 
definition (|2.1.ip makes sense also for mappings U ^ W. For C^'^-mappings, 
(I2.1.2P guarantees stability under composition ([ISjj see also [TJ 4.7]; a proof is also 
contained in the end of the proof of p.9p ). 

A further consequence of (|2.1.2p is the inverse function theorem for f[14j: 
for a proof see also [H 4.10]): Let f : U — > F be a C^^-mapping between open 
subsets U,V C R"-. Let xq G U. Suppose that the Jacobian matrix {df /dx){xo) 
is invertible. Then there are neighborhoods U' of xq, V of yo := /(xq) such that 
f : U' ^ V is a. C^'^-diffeomorphism. 

Moreover, ()2.1.2p implies that C^^ is closed under solving ODEs (due to [T5]): 
Consider the initial value problem 

dx 

-^ = /(i,2:), x{0)^y, 

where / : (-T,T) x ^ M", T > 0, and 17 C M" is open. Assume that f{t,x) is 
Lipschitz in x, locally uniformly in t. Then for each relative compact open subset 
ill C i7 there exists < Ti <T such that for each y G fii there is a unique solution 
X = x{t,y) on the interval {-Ti,Ti). If / : (-T,r) x R" is a C^^-mapping 
then the solution x : {—Ti,Ti) x ili ^ R" is a C*^-mapping as well. 

Suppose that M = (Mk) and N = (Nk) satisfy Mk < Nk, for all k and a 
constant C, or equivalently, 

(2.1.5) sup f^)' <oo. 



feer 



>0 



\NkJ 



Then, evidently C*^(f7) C C^{U). The converse is true as well (if (fTT^ is 
assumed): One can prove that there exists / G C^(R) such that |/(''H0)| > fc! Mk 
for all k (see [13 Theorem 1]). So the inclusion C^' {U) C {U) implies (ITTSl) . 
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Setting Nk = 1 in (PXS)) yields that C"^(C/) = C^^(C/) if and only if 

sup (Mk)^ < oo. 
fceN>o 

Since (Mfe)^/*^ is increasing (by logarithmic convexity), the strict inclusion C^[U) C 
C^'^{U) is equivalent to 

lim (Mk)^ ~ oo. 

k — 'OO 

We shall also assume that C*^ is stable under derivation, which is equivalent to 
the following condition 

(2.1.6) sup (%^)*<oo. 

Note that the first order partial derivatives of elements in C^'^{U) belong to 
C*^^\C/), where A/+^ denotes the shifted sequence = {Mk+i)keN- So the 

equivalence follows from (|2.1.5p . by replacing M with and N with M. 

Definition. By a DC-weight sequence we mean a sequence M = (Mfc)fcgN of pos- 
itive numbers with Mq — 1 which is monotone increasing (Mk+i > Mk), loga- 
rithmically convex (|2.1.2p . and satisfies ()2.1.6p . Then C'^{U,R) is a differential 
ring, and the class of C*^-functions is stable under compositions. DC stands for 
Denjoy-Carleman and also for derivation closed. 

2.2. Quasianalytic function classes. Let JF„ denote the ring of formal power 
series in n variables (with real or complex coefficients). For a sequence Mq = 
1, Ml, M2, • • • > 0, we denote by JF*^ the set of elements F = J2am" °^ 
for which there exist positive constants C and p such that 

li^al <Cpl"lM|„| 

for all a G N". A class C*^ is called quasianalytic if, for open connected U C M" 
and all a e U , the Taylor series homomorphism 

Ta : C'iU) -> , / ^ TJ{x) ^Y.-^ ^"/(«) ^" 

^ — ' a\ 

is injective. By the Denjoy-Carleman theorem ([S], [1]), the following statements 
are equivalent: 

(1) C*^ is quasianalytic. 

(2) Sfc°=i = where mk = inf{(j! Mj)^/^ '■ j ^ k} is the increasing mino- 
rant of{k\Mkfl''. 

(3) E^id?^)'/'' = 00 where Ml = inf{(j! Mj)('-'=)/('-J) (H Af,)^''"-''^/^'"''^ : 

k 

j<k<l^i<l} is the logarithmically convex minorant ofklM^. 

For contemporary proofs see for instance [10, 1.3.8] or [24, 19.11]. 

Suppose that C"{U) C C^{U) and C^'-' (U) is quasianalytic and logarithmically 
convex. Then Ta : (U) is not surjective. This is due to Carleman [3]; 

an elementary proof can be found in [271 Theorem 3] . 

2.3. Non-quasianalytic function classes. If M is a DC-weight sequence which 
is not quasianalytic, then there are C*^ partitions of unity. Namely, there exists 
a C*^ function / on M which does not vanish in any neighborhood of but which 
has vanishing Taylor series at 0. Let g(t) = for <: < and g(t) — f{t) for t > 0. 
From g we can construct C^^ bump functions as usual. 
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2.4. Strong non-quasianalytic function classes. Let M be a DC-weight se- 
quence with C"^(C/,M) C C^\U,R). Then the mapping Ta : C^{U,R) is 
surjective, for all a G U, if and only if there is a constant C such that 

°° M M 
(2.4.1) Y. (v.^UM ^^IT- for any integer J > 0. 

^ (fc + 1) A/fe+i Mj+i 

K—J 

See |22] and references therein. (j2.4.ip is called strong non-quasianalyticity condi- 
tion. 

2.5. Moderate growth. A DC- weight sequence M has moderate growth if 

(2.5.1) sup , ^ , ^ < oo. 

Moderate growth implies derivation closed. 

Moderate growth together with strong non-quasianalyticity (|2.4.ip is called 
strong regularity: Then a version of Whitney's extension theorem holds for the 
corresponding function classes (e.g. [3]). 

2.6. Gevrey functions. Let (5 > and put 14 = (A:!)'', for fc G N. Then 
M = (Mfe) is strongly regular. The corresponding class C*^ of functions is the 
Gevrey class G^^^ . 

2.7. More examples. Let S > and put Mk = (log(A: + e))'''', for fc e N. Then 
M = (Mk) is quasianalytic for < 6 < 1 and non-quasianalytic (but not strongly) 
for ^ > 1. In any case M is of moderate growth. 

Let q > 1 and put Mk — , for A; G N. The corresponding C*^-functions are 
called q-Gevrey regular. Then M = (Mk) is strongly non-quasianalytic but not of 
moderate growth, thus not strongly regular. It is derivation closed. 

2.8. Spaces of C^^-functions. Let U C R" be open and let M be a DC-wcight 
sequence. For any p > and K C U compact with smooth boundary, define 

C^'iK) :={/GC°°(X):||/l|p,^<oo} 

with 

It is easy to see that Cp' (K) is a Banach space. In the description of Cp\K), 
instead of compact K with smooth boundary, we may also use open K C U with 
K compact in [/, like !27j. Or we may work with Whitney jets on compact K, like 

m- 

The space C^\U) carries the projective limit topology over compact K of 
the inductive limit over p G N>o: 

C^\U) = lim ( lim Cf{K)). 

KCU pGN>o 

One can prove that, for p < p' , the canonical injection (K) C^{K) is a 
compact mapping; it is even nuclear (see [13], [T^l p. 166]). Hence lim C^{K) 
is a Silva space, i.e., an inductive limit of Banach spaces such that the canonical 
mappings are compact; therefore it is complete, webbed, and ultrabornological, see 
[7], [m 5.3.3], also IIHI 52.37]. We shall use this locally convex topology below only 
for n = 1 - in general it is stronger than the one which we will define in (|3.ip . but 
it has the same system of bounded sets, see (|4.6p . 

2.9. Lemma. For a logarithmically convex sequence Mk with Mq = I we have 

M^ Mk > Mj Ma, ■ ■ ■ Ma^ for all ai G N>o, 
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Proof. We use induction on k. The assertion is trivial for k — j. Assume that 
j < k. Then there exists i such that > 2. Put a[ ai ~ 1. By induction 
hypothesis, 

M, • • • • • • Af„^ < M^-'Mk-i. 

Since Mk+i/Mk is increasing by (|2.1.2p . we obtain 

Ma, ■ ■ ■ Ma, = Mj Ma, • • ■ • ■ • Ma^ ■ ^ < 

< A/f ~i Mk-i ■ < Mfe. □ 

Table 1: Let M — (Mk) and N — {Nk) be increasing (<) sequences of real 
numbers with Mq — Nq — 1. By U we denote an open subset of R". The 
mapping Ta : C^\U) — s- J-^^ is the Taylor series homomorphism for a G U 
(see p.2p ). Recall that M is a DC-weight sequence if it is logarithmically 
convex and stable under derivation. 



Properties of M 




Properties of C^^ 


M increasing, Mq = 1, 

(always assumed below this line) 




C"^(f7) C C*^(C7) C C°°{U) 


M is logarithmically convex 
(always assumed below this line), 
i.e., M| < Mk-i Mk+i for all k. 
Then: {MkY^^ is increasing, 
Ml Mk < Mi+k for all I, k, 
and Mk > Mj • • ■ M^, 
for ai G N>o, ai + ■ ■ ■ + aj = k. 




C^{U) is a ring. 

C^^ is closed under composition. 

C*^ is closed under applying the 

inverse function theorem. 
C*^ is closed under solving ODEs. 


suPfceN>o(*^'t/iVfe)^/^ <oo 




C^\U) c C^(U) 


suPfeeN>o(^fe)^^'' < oo 




C'^{U) = C^'{U) 


limfe^oo(Mfc)i/'= = oo 




C^iU) c C^'{U) 


SUPfegN>„(^fe+l/A^fc)'/'' <0O 

(always assumed below this line) 




C*^ is closed under derivation. 


v^oo Mk 

Z^fe=0 (fe+l)Mfc+i - °° 

or, equivalently, 
y-oo / 1 \l/k _ 




C*^ is quasianalytic, 

i.e., Ta : C*^(f7) ^ J^"^^ is injective 

(not surjective if C"^(C/) C C'^iU)). 






C^^ is non-quasianalytic. 

Then C*^ partitions of unity exist. 


limfe^oo(-Mfe)^/'= = oo and 

Y^oo Mfe ^ ^ Mj 
Z^fc=j (fc+l)Mfe+i - ^ M, + i 

for all j (zN and some C 




C"^(C/) C C^(t7) and 

Ta : C*^(C/) ^ is surjective, i.e., 

C*^ is strongly non-quasianalytic. 


M has moderate growth, i.e.. 




C*^ is cartesian closed 
will be proved in (|5.3p 
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M is strongly regular, i.e., 

it is strongly non-quasianalytic 

and has moderate growth. 




Whitney's extension theorem 
holds in C^'. 


(5 > and Mfe = (fc!)'' for fc e N. 
Then M is strongly regular. 




C*^ is the Gevrey class G^+^ . 



3. C^^-MAPPINGS 

3.1. Definition: C*^-mappings. Let Af be a DC-weight sequence, and let i? be a 
locally convex vector space. A curve c : K ^ _E is called C*^ if for each continuous 
linear functional £ € E* the curve ^oc : R E is of class C*^. The curve c is called 
strongly C^^ if c is smooth and for all compact C M there exists p > such that 

■ fc e N, x e X S> is bounded in E. 



k\ Mk 



The curve c is called strongly uniformly C*^ if c is smooth and there exists p > 
such that 

^ ' • fc e N. x e M S> is bounded in E. 



p^ k\ Mk 

Now let M be a non-quasianalytic DC-weight sequence. Let ?7 be a c°°-open 
subset of E, and let F be another locally convex vector space. A mapping f : U ^ F 
is called if f is smooth in the sense of (|7.3p and if f o c is a -curve in F 
for every -curve c in U. Obviously, the composite of -mappings is again a 
C^^ -mapping, and the chain rule holds. This notion is equivalent to the expected 
one on Banach spaces, see 13.91 below. 

We equip the space C*^(C/, F) with the initial locally convex structure with 
respect to the family of mappings 

C*^(£/,F) '^"'^■^^ : C^'^(R,R), f^iofoc, £eE*,c<EC^\R,U) 

where C*^(R,R) carries the locally convex structure described in ()2.8|) and where 
E* is the space of all continuous linear functionals on E. 

For U C R", this locally convex topology differs from the one described in (|2.8p . 
but they have the same bounded sets, see (14. 6p below. 

If F is convenient, then by standard arguments, the space C'^'^ {U, F) is c°°-closed 
in the product Yle cC^(l^jI^) and hence is convenient. If F is convenient, then a 
mapping /:[/-> is if and only if ^ o / is C*^ for aU ieF*. 



3.2. Example: There are weak C*^-curves which are not strong. By [7f| 

Theorem 1], for each DC-weight sequence M there exists / G C*^(R,R) such that 
|/(''')(0)| > fc! Mk for aU fc e N. Then g : R ^ R^ given by g(i)„ = f{nt) is C^" 
but not strongly C^^. Namely, each bounded linear functional i on R^ depends 
only on finitely many coordinates, so we take the maximal p for the finitely many 
coordinates of g being involved. On the other hand, for each p and any compact 
neighborhood L of the set 

^''"'^^^ ■teL,kEN 



p'^ kl Mk 



has n-th coordinate unbounded if n > p. 
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3.3. Lemma. Let E he a convenient vector space such that there exists a Baire 
vector space topology on the dual E* for which the point evaluations evx ttfe con- 
tinuous for all X G E. Then a curve c : K. — > _B zs C*^ if and only if c is strongly 

, for any DC-weight sequence M . 

See ()5.2p for a more general version. 
Proof. Let K be compact in M. We consider the sets 

Ap,c ■■= \eeE*: < C for all fc G N,.t 6 if) 

which are closed subsets in E* for the Baire topology. We have {Jpc^p.c = E* . 
By the Baire property there exists p and C such that the interior U of Ap^c is 
non-empty, li Hq ^ U then for all £ ^ E* there is an e > such that e£ U — £o 
and hence for all x £ K and all fc we have 

\{e o c)<^^\x)\ < i + £o) o c)('=)(x)| + 1(4 o c)<^^\x)\) < ^ p'^ kl M^. 

So the set 

pf" fc! Mk 

is weakly bounded in E and hence bounded. □ 

3.4. Lemma. Let M be a DC-weight sequence, and let E be a Banach space. For 
a curve c :W ^ E the following are equivalent. 

(1) c IS C*^ 

(2) For each sequence (r^) with i*^ — > for all t > 0, and each compact set 
K in R, the set {-(^^j^ c^^\a) rk : a £ K,k gN} is bounded in E. 

(3) For each sequence (r^) satisfying r^ > 0, r^ri > r^+e, and rkt^ — > for 
all t > Q, and each compact set K in M, there exists an e > Q such that 
{ fellTr c^'') (a) rfe e'' : a G i^, fc G N} is bounded in E. 

Proof. (1) (2) For there exists p > such that 



cW(a) 



fclMfc 



fc! Mfe 



is bounded uniformly in fc G N and a G iiT by 

(2) => (3) Use e = 1. 

(3) =^ (1) Let flfe := sup^g^ 11^ Using [HI 9.2.(4^1)] these are 
the coefficients of a power series with positive radius of convergence. Thus a^j p^ 
is bounded for some p > 0. □ 

3.5. Lemma. Let M he a DC-weight sequence. Let E he a convenient vector space, 
and let S he a family of hounded linear functionals on E which together detect 
bounded sets (i.e., B C E is hounded if and only if £{B) is bounded for all I G S). 
Then a curve c : R ^ E is C'^ if and only if £ o c : R R is C'^ for all £ e S. 

Proof. For smooth curves this follows from [T^ 2.1 and 2.11]. By p.4p . for any 
£ £ E', the function £ o c is C*^ if and only if: 

(1) For each sequence (r^) with rkt^ ^ for all i > 0, and each compact set 
K in R, the set {£ o c)('')(a) rk : a e K,k eN} is bounded. 

By (1) the curve c is C^^ if and only if the set c'-'^^a) rk : a G K,k £ N} is 

bounded in E. By (1) again this is in turn equivalent to £ o c G C*^ for all £ £ S, 
since S detects bounded sets. □ 
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3.6. C*^ curve lemma. A sequence Xn in a locally convex space E is said to 
be Mackey convergent to x, if there exists some A„ oo such that A„(x„ — x) is 
bounded. If we fix A = (A„) we say that Xn is A-converging. 

Lemma. Let M be a non-quasianalytic DC-weight sequence. Then there exist 
sequences Afe — > 0, ifc ^ too, Sfc > m M with the following property: For 1/A = 
(1/ Xn)- converging sequences Xn and w„ in a convenient vector space E there exists 
a strongly uniformly C^^ -curve c :M. E with c{tk + t) = Xk + t.Vk for \t\ < Sk- 

Proof. Since C*^ is not quasianalytic we have J2k ^/{f^^-Mk)^^'' < oo. We choose 
another non-quasianalytic DC-weight sequence M = (Mk) with {Mk/ MkY^'^ — > oo. 
By (^3]) there is a C^^-function c/? : R ^ [0, 1] which is on {t : |t| > i} and which 
is 1 on {t : \t\ < i}, i.e. there exist C,p> such that 

it)\<C kl Mk for aU t e R and fc G N. 

For x,v in a absolutely convex bounded set B C E and < T < 1 the curve 
c : 1 1—^ ip{t/T) ■ {x + tv) satisfies (cf. [H Lemma 2]): 

(<) = T-''ip^''\^).{x + t.v) + k T^-'' ip^''-^\^).v 

e T-^Cp^ kl Mk{l + ^).B + kT^-^Cp^^^ [k - 1)1 Kh-i.B 

C T-^C p^ kl Mfe(l + f ).B + TT^'' Ci / fc! Mk.B 

C (7(1 -I- ^)T~^ klMk.B 

So there are p, C := (7(1 + > which do not depend on x^v and T such that 
cW(*) G CT-^ p^klMk.B for aU k and i. 

Let < < 1 with Y.j Tj < oo said tk := 2 J2j<k Tj +Tk. We choose the A^ 
such that < Aj /Tj= < Mk/Mk (note that Tf Mk/Mk -> oo for fc ^ oo) for aU j 
and fc, and that Xj/T^ ^ for j ^ oo and each fc. 

Without loss we may assume that a;„ ^ 0. By assumption there exists a closed 
bounded absolutely convex subset B in E such that a;„,u„ G A„ • S. We consider 
Cj : t >-> Lp[{t — tj)/Tj) ■ (xj + (i — tj)vj) and c := X^j Cj- The cj have disjoint 
support C [tj - Tj , -I- Tj], hence c is C°° on R \ {too} with 

c^'') (t) e C rr'' p'^fclMfe \j ■ B for |f - tj\ < Tj. 

Then 

||c('=Hi)||B < Cp'^ klMk ^ < Cp^klMk ^ = Cp'' klMk 

j k 

for t too. Hence c : R — > Eb (see [THl 2.14.6] or (17. ip ) is smooth at as well, 
and is strongly C^^ by the following lemma. □ 

3.7. Lemma. Let c : M \ {0} E be strongly C*^ in the sense that c is smooth and 
for all bounded iiT C R \ {0} there exists p > such that 

■ fc e N, a; G A' i- is bounded in E. 



pfc kl Mk 

Then c has a unique extension to a strongly C^^ -curve on R. 

Proof. The curve c has a unique extension to a smooth curve by [HI 2.9]. The 
strong condition extends by continuity. □ 

3.8. Corollary. Let AI be a non-quasianalytic DC-weight sequence. Then we have: 
(1) The final topology on E with respect to all strongly C^^ -curves equals the 
Mackey closure topology. 
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(2) A locally convex space E is convenient (|7.2p if and only if for any (strongly) 
C'^^ -curve c : R — > i? there exists a (strongly) C'^^ -curve ci : M — > with 



Proof. (1) For any Mackey converging sequence there exists a C*^-curve passing 
through a subsequence in finite time by p.6p . So the final topologies generated by 
the Mackey converging sequences and by the C*^-curves coincide. 

(2) In order to show that a locally convex space E is convenient, we have to prove 
that it is c°°-closed in its completion. So let Xn & E converge Mackey to Xoo in the 
completion. Then by p.6p there exists a strongly C^'^'^-curve c in the completion 
passing in finite time through a subsequence of the Xn with velocity Vn — 0. The 
form of c (in the proof of ()3.6|) ) shows that its derivatives c^''\t) for fc > are 
multiples of the Xn and hence have values in E. Then c' is a C*'^-curve and so the 
antiderivative c of c' lies in E by assumption. In particular Xoo G c(R) C E. 

Conversely, if E is convenient, then every smooth curve c has a smooth anti- 
derivative ci in E by [W, 2.14]. Since 

1 (k+u,.. Mk 1 



-c 



p'=+i(/c + l)!Mfe+i 1 ' p{k+l)Mk+ipmMk 

and since 

Mfr 1 

< 



p{k + l)Mk+i - pMi 
by (|2.1I 2) the antiderivative ci is (strongly) C*^ if c is so. □ 

3.9. Theorem. Let M — {Mk) be a non-quasianalytic DC-weight sequence. Let 
U <^ E be c°°-open in a convenient vector space, and let F be a Banach space. For 
a mapping f : U ^ F , the following assertions are equivalent. 

(1) / ^sC^'. 

(2) / is C*^ along strongly C*^ curves. 

(3) / is smooth, and for each closed bounded absolutely convex B in E and each 
X IE U D Eg there are r > 0, p > 0, and C > such that 

^J^\d\f olB){a)\\^.^Es,F) <C p'' 

for all a G U n Eb with \\a — x\\b < r and all fc G N. 

(4) / is smooth, and for each closed bounded absolutely convex B in E and each 
compact K C_ U n Eb there are p > and C > such that 

^Jd'ifotB){a)h.^En,F)<Cp' 

for all a £ K and all fc £ N. 

Proof. (1) => (2) is clear. 

(2) =4> (3) Without loss let E = Eb be a Banach space. For each v £ E and 
X £ U the iterated directional derivative d'^f{x) exists since / is C*^ along affine 
lines. To show that / is smooth it suffices to check that f{xn) is bounded for 
each fc G N and each Mackey convergent sequences x„ and w„ ^ 0, by [TH 5.20]. 
For contradiction let us assume that there exist fc and sequences Xn and w„ with 
jjdjj /(a;„)]] — > oo. By passing to a subsequence we may assume that x„ and w„ are 
(l/A„)-converging for the A„ from (|3.6p . Hence there exists a strongly C^^-curve c 
in E and with c{t + 1„) — Xn -\- t.Vn for t near for each n separately, and for tn 
from dSH). But then ||(/ o c)('=)(i„)|l = ||d^„/(a;„)|l ^ oo, a contradiction. So / is 
smooth. 
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Assume for contradiction that the boundedness condition in (3) does not hold. 
Then there exists x € U such that for all r, p,C > there is an a = a(r, p, C) € U 
and k = k{r, p, C) £ N with ||a — a;|| < r but 

By [m 7.13] we have 

IM'/(«)llL'=(iJ.F)<(2e)'- sup 
Il^ll<i 

So for each p and n take r — — and C — n. Then there are a», „ G J7 with 



2^11 fS: moreover Vn,p with ||fn,p|| = 1, and fc„^p G N such that 



Since i^T := {a„^p : n,p G N} U {x} is compact, this contradicts the following 

Claim. For each compact K Q E there are C, p > such that for a/Z fc G N and 
X e K we have sup||„||<i ||rfj;/(a;)|| < C p^klMk- 

Otherwise, there exists a compact set if C such that for each rt G N there are 
kn G N, x„ G K, and w„ with ||wn|| = 1 such that 



where we used C = p := 1/A^ with the A„ from p.6p . By passing to a subsequence 
(again denoted n) we may assume that the Xn are 1/A-converging, thus there exists 
a strongly C^^'^-curve c -.M. ^ E with c(i„ + 1) = a;„ + i.A„.i>„ for f near by 
Since 

we get 



(/oc)^^^(i„) = A:;</(a;„), 




kn+2 
\ kn+1 



a contradiction to / o c G C*^. 

(3) =^ (4) is obvious since the compact set K is covered by finitely many balls. 

(4) =^ (1) We have to show that / oc is C*^ for each C*^-curve c:R-^ E. By 
p. 41 2) it suffices to show that for each sequence (r^) satisfying > 0, r^r^ > Vk+e, 
and Tkt^ ^ Q for all f > 0, and each compact interval / in R, there exists an e > 
such that {^117^ (/ o c)''^\a) Vk e'' : a e I, k e N} is bounded. 

By (|3.4I 2) applied to rk2'^ instead of r^, for each £ G E* , each sequence (r^) 
with Tkt'' ^0 for all t > 0, and each compact interval J in R the set {f^r^ ° 
c)W(a)^fc2'= : a G /,fc G N} is bounded in R. Thus { ^tst^ c W (a) 2''^ : a G 
/, /c G N} is contained in some closed absolutely convex B C E. Consequently, 
cC^) : / Eb is smooth and hence {^n^ c^'"'^(a) 2*^ : a G /} is compact in 

Eb for each k. Then each sequence (a;„) in the set 

^ fcGN 

has a cluster point in ifU {0}: cither there is a subsequence in one Kk, or 2'^"a;fc„ G 
Kk„ ^ i? for kn oo, hence Xk„ ^ in Eb- So if U {0} is compact. 
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By Faa di Bruno (p] for the l-dimensfonal version) 



k\ ^ ^ 7! V ai! ' ' a,! 

QiH |-a3=fe 

and (|2.1.4p for a G / and fc G N we have 
1 



(/oc)W(a)rfc 



< 



J>" aeN^.„ »=i ' 

aiH yoLj=k 

k 

3 



I fc!A4 (/ ° c)^'''^(a) (^ Mi (1+p) ) a ^ I,k e n| is bounded as required. □ 

3.10. Corollary. Lei Af and be non-quasianalytic DC-weight sequences with 
(I^T5l) 

/Mk\i 
sup I — — I < 00. 

Then C^^ {U, F) C {U, F) for all convenient vector spaces E and F and each c°° - 
open U C E. Moreover C'^{U,F) C C^\U,F) C C°°(C/,F). All these inclusions 
are bounded. 

Proof. The inclusions C^^ C C C°° follow from (|3.9p since this is true for 
condition p. 91 3) applied to £ o f for £ ^ F* . 

Without loss let F = R. If / is then for each closed absolutely convex 
bounded B C E the mapping f oig : U D Eb ^ R is given by its locally converging 
Taylor series by jT^ 10.1]. So p. 91 3) is satisfied for Mk = 1 and thus for each 
DC-weight sequence M. So / is C*^. All inclusions are bounded by the uniform 
boundedness principle 14.11 below for C*^ and [HI 5.26] for C°°. □ 

3.11. Corollary. Let M — (Mk) be a non-quasianalytic DC-weight sequence. Then 
we have: 

(1) Multilinear mappings between convenient vector spaces are C^^ if and only 
if they are bounded. 

(2) If f : E D U ^ F is C*^ then the derivative df : U ^ L{E,F) is C*^ 
and also df : U x E ^ F is C^^ , where the space L{E,F) of all bounded 
linear mappings is considered with the topology of uniform convergence on 
bounded sets. 

(3) The chain rule holds. 

Proof. (1) If / is multilinear and C*^ then it is smooth by (|3.9p and hence bounded 
by (|7.3I 2). Conversely, if / is multilinear and bounded then it is smooth by (|7.3I 2). 
Furthermore, f o ig is multilinear and continuous and all derivatives of high order 
vanish. Thus condition (|3.9I 3) is satisfied, so / is C'^ . 

(2) Since / is smooth, by ()7.3I 3) the map df : U L{E, F) exists and is smooth. 
Let c : R ^ f/ be a C^^-curve. We have to show that t t-> df{c{t)) G L{E,F) is 
C^^. By [m 5.18] and ([23]) it suffices to show that t ^ c(t) ^-^ £{df {c(t)) .v) G R 
is C^^ for each £ G F* and v G E. We are reduced to show that x ^ £{df{x).v) 
satisfies the conditions of p.9p . By p.9p appHed to ^ o /, for each closed bounded 
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absolutely convex B in E and each x ^ U (1 Eb there are r > 0, p > 0, and C > 
such that 

^L-\\d\£ofo^B){a)\\L.^E.,^)<Cp'^ 

for all a e ?7 n i?B with \\a ~ x\\b < r and all fc e N. For v e E and those B 
containing v we then have 

Wd'^idii o /)( )iv)) o *B)(a)||i.(^^,„) = Wd'^+'ie o f o iB){a){v, . . .)\\lHe,m) 
< ||d^+i(^o/ozs)(a)|U.+i(B,,R)||Hb« <C^p"+' (fc + l)!Mfc+i 
Mfc+i \ 



< Cp'''fc!Mfe((fc + l)p- 

< C p'^klMk for p> p sup ((fc + l)p 

fc>i ^ 



Mfc 



M 



the latter quantity being finite by (|2.1.6p . By (|4.2p below also df is C 

(3) This is valid for all smooth /. □ 



3.12. Remark. For a quasianalytic DC-weight sequence AI Theorem l3.9l is wrong. 

2 

In fact, take any rational function, e.g. jr^p-. Let t i— > x{t),y{t) be in C (M, M) 
with x{0) = = 2/(0). Then x{t) = rx{t) and = ry{t) for r > and 
for C*^-functions x and j/ since C*'^ is derivation closed. If {x, y) is not constant 
we may choose r such that a;(0)^ + y(0)^ ^ 0, since C*^ is quasianalytic. Then 

t '—^ x(ty+ylt)^ ~ x{i)^+^g{ty ^^^^ rational function is not smooth. 

4. C*^-UNIFORM BOUNDEDNESS PRINCIPLES 

4.1. Theorem. (Uniform boundedness principle) Let M — (Mk) be a non- 
quasianalytic DC-weight sequence. Let E, F , G be convenient vector spaces and 
let U ^ F be c°°-open. A linear mapping T : E ^ G^^ {U, G) is bounded if and only 
if evx °T : E G is bounded for every x ^ U . 

This is the C*^-analogon of ((7317). Compare with dH 5.22-5.26] for the prin- 
ciples behind it. They will be used in the following proof and in ()4.6p and (|4.10p . 
Proof. FoTx eU and i £ G* the hnear mapping ^oev^ = C*^(x, £) : C*^(f7, G) 
M is continuous, thus ev^; is bounded. So if T is bounded then so is ev^, oT. 

Conversely, suppose that ev^ oT is bounded for all x G U. For each closed 
absolutely convex bounded B C E we consider the Banach space Eb- For each 
£ G G*, each C^-curve c : R C/, each t e R, and each compact i^T C M the 
composite given by the following diagram is bounded. 

E C^'iU, G) G 

Eb a^^(M, R) lim^ C^^K, M) ^ 

By [m 5.24 and 5.25] the map T is bounded. In more detail: Since lim^ Cf{K,R) 

is webbed by (|2.8p . the closed graph theorem [121 52.10] yields that the mapping 

Eb hm G^HKM) is continuous. Thus T is bounded. □ 

— >p jj \ ' ' 

4.2. Corollary. Let M — (Mk) be a non- quasianalytic DC-weight sequence. 

(1) For convenient vector spaces E and F, on L(E, F) the following homologies 
coincide which are induced by: 

• The topology of uniform convergence on bounded subsets of E. 
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• The topology of pointwise convergence. 

• The embedding L{E,F) C C^{E,F). 

• The embedding L{E,F) C C^^{E,F). 

(2) Let E, F, G be convenient vector spaces and let U G E be d^-open. A 
mapping f : U x F G which is linear in the second variable is if and 
only if -.U L{F, G) is well defined and C^' . 
Analogous results hold for spaces of multilinear mappings. 

Proof. (1) That the first three topologies on L{E^ F) have the same bounded sets 
has been shown in [H 5.3 and 5.18]. The inclusion C^''{E,F) C°°{E,F) is 
bounded by (|3.10p and by the uniform boundedness principle in (|7.3I 7). It remains 
to show that the inclusion L{E,F) C'^'^{E,F) is bounded, where the former 
space is considered with the topology of uniform convergence on bounded sets. 
This follows from the uniform boundedness principle ()4.ip . 
(2) The assertion for C°° is true by ([731 6). 

If / is C^^ let c : R ^ [/ be a C*^-curve. We have to show that t ^ /''(c(t)) e 
L{F, G) is C^^. By [H 5.18] and ^ it suffices to show that t ^ l^f^ {c{t)){v)) = 
i{f{c{t),v)) e R is C^^ for each £ e G* and v e F; this is obviously true. 

Conversely, let : U ^ L{F, G) be C'^' . We claim that f : U x F ^ G is C^' . 
By composing with £ e G* we may assume that G = R. By induction we have 

d''f{x,WQ){{vk,Wk), . . . , {vi,wi)) = d''{f'^){x){vk, . ■ . ,'i;i)(wo)+ 

k 
i=l 

We check condition (13.91 3) for /: 

\\d''f{x,Wo)\\Lk(^EBXFs,,R) ^ 

k 
i=l 

k 
1=1 

fe 

< Cp'^klMkWwoWB' +J2Cp''-^ (fc - l)!Mfc_i = G/fc!Mfe(||u;o||s' + ^) 

4=1 

where we used ([31113) for L{iB',R) o f -.U ^ L{Fb',R). Thus / is G*^. □ 

4.3. Proposition. Let M = (Mk) be a non-quasianalytic DC-weight sequence. Let 
E and F be convenient vector spaces and let U C E be c°^-open. Then we have the 
bornological identity 

G^^{U,F) ^lunC"iR,F), 

s 

where s runs through the strongly C^' -curves in U and the connecting mappings 
are given by g* for all reparametrizations g G G*^(R,M) of curves s. 

Proof. By ([3H) the linear spaces C^^{U,F), lim^ G^^ (R, F) and lim^ G*^(R, F) 
coincide, where c runs through the G*^-curves in U: Each element (/c)c determines 
a unique function f : U ^ F given by f{x) := (/ o consta;)(0) with / o c = /c for 
all such curves c, and / e G^^ if and only if /c £ G^^ for all such c, by (|3.9p . 

Since G^^(M, F) carries the initial structure with respect to £, for all £ ^ F* 
we may assume F = R. Obviously the identity lim^G^^(R,R) lim^ G*^ (R, R) is 
continuous. As projective limit the later space is convenient, so we may apply the 
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uniform boundedness principle (|4.ip to conclude that the identity in the converse 
direction is bounded. □ 

4.4. Proposition. Let M — (Mk) be a non-quasianalytic DC-weight sequence. Let 
E and F be convenient vector spaces and letU C E be c°° -open. Then the bornology 
of C^^ {U, F) is initial with respect to each of the following families of mappings 

(1) i*B = (ZB , F) : C'" {U, F) ^ C^'iU HEb^F), 

(2) C'''{iB,7rv) : C''{U,F) ^ C''' {U n Eb, Fy), 

(3) C''iiB,i) : C"'iU,F) -> C^'{UnEB,R), 

where B runs through the closed absolutely convex bounded subsets of E and ib ■ 
Eb — > E denotes the inclusion, and where £ runs through the continuous linear 
functionals on F , and where V runs through the absolutely convex 0-neighborhoods 
of F and Fy is obtained by factoring out the kernel of the Minkowsky functional of 
V and then taking the completion with respect to the induced norm. 

Warning: The structure in (2) gives a projective limit description of C^'^{U,F) if 
and only if F is complete since then F — hm^ Fy . 

Proof. Since is : Eb E, ttv ■ F Fy and £ : F M. are bounded linear the 
mappings C*^ (is, Try) and C^'^{iB,£) are bounded and linear. 

The structures given by (1), (2) and (3) are successively weaker. So let, 
conversely, C^' {iB,£){,B) be bounded in C*^(C/ r\ Eb,^) for aU B and £. By 
(USD C^'{U,F) carries the initial structure with respect to aU c* : C^\U,F) 
C*'^(]R,i^), where c : K ^ i7 are the strongly C*^ curves and these factor locally 
as (strongly) C*^-curves into some Eb- By definition C^(K,F) carries the initial 
structure with respect to C^'{ii,£) : C^{%F) C^(/,M) where t/ : / M 
are the inclusions of compact intervals into R and £ E F* . Thus C^^ {U, F) carries 
the initial structure with respect to C'^^{c\i,£) : C^^{U,F) C*^(/,M), which is 
coarser than that induced by C^" {U, F) ^ C^^ {U n Eb,R). □ 

4.5. Definition. Let E and F be Banach spaces and ACE convex. We consider 
the hnear space C°°{A, F) consisting of all sequences (/'^)fe € Ylken ^(^' ^'^i^^ ^)) 
satisfying 

f{y){v) - fH^){y) = f ./'+'G^ + t{y - x)){y ~ X, v) dt 
Jo 

for all k G N, x,y € A, and v E E*' . If A is open we can identify this space with 
that of all smooth functions A ^ F by passing to jets. 

In addition, let M = {Mk) be a non-quasianalytic DC-weight sequence and (rj,) 
a sequence of positive real numbers. Then we consider the normed spaces 

C*^^)(AF) [{f% e C-'iA,F) : ||(/^)||(.,) < ^} 

where the norm is given by 

If (rfc) — {p'^) for some p > we just write p instead of (r^) as indices. The spaces 
C(^^^)(A, F) are Banach spaces, since they are closed in £°°(N, L^{E, F))) via 

4.6. Theorem. Let AI = (Mk) be a non-quasianalytic DC-weight sequence. Let E 
and F be Banach spaces and let U Q E be open. Then the space C^'^{U,F) can 
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be described bornologically in the following equivalent ways, i.e. these constructions 
give the same vector space and the same bounded sets. 

(1) limlimCf (W^,F) 

K p,W 

(2) InnlimCf 

(3) lim C^:,){K,F) 

(4) lim lim (7*^ 

c,I p 

Moreover, all involved inductive limits are regular, i. e. the bounded sets of the in- 
ductive limits are contained and bounded in some step. 

Here K runs through all compact convex subsets of U ordered by inclusion, W 
runs through the open subsets K <Z W ^ U again ordered by inclusion, p runs 
through the positive real numbers, (r^) runs through all sequences of positive real 
numbers for which p'^/rk — > for all p > 0, c runs through the C'^'^ -curves in U 
ordered by reparametrization with g G C*'^(R,R) and I runs through the compact 
intervals in R. 

Proof. Note first that all four descriptions describe smooth functions f : U ^ F, 
which are given by x ^ f^{x) in (l)-(3) for appropriately chosen K with x G K 
where f^:K^F and by x ^ fc{t) in (4) for c with x — c{t), t £ I and fc : I ^ F. 
Smoothness of / follows, since we may test with C^^-curves and these factor locally 
into some K . 

By p.9p all four descriptions describe C^'^{U,F) as vector space. 

Obviously the identity is continuous from (1) to (2) and from (2) to (3). 

The identity from (3) to (1) is continuous, since the space given by (3) is as inverse 
limit of Banach spaces convenient and the inductive limit in (1) is by construction 
an (LB)-space, hence webbed, and thus we can apply the uniform iS-boundedness 
principle p9l 5.24], where S = {ev^, : x G U}. 

So the descriptions in (l)-(3) describe the same complete homology on C'^^ {U, F) 
and satisfy the uniform iS-boundedness principle. 

Moreover, the inductive limits involved in (1) and (2) are regular: In fact the 
bounded sets B therein are also bounded in the structure of (3), i.e., for every 
compact K C U and sequence (rj,) of positive real numbers for which p^ /rk — > 
for aU p > 0: 

^k\rkMk\\vi\\ \\vk\\ J 

and so the sequence 

lk\Mk\\vi\\ Ijwfell J 

satisfies sup^. a^/rk < oo for all (r^) as above. By 9.2] these are the coefficients 
of a power series with positive radius of convergence. Thus Ok/ p^ is bounded for 
some p > 0. This means that B is contained and bounded in C^' {K, F). 

That also (4) describes the same homology follows again by the 5-uniform 
boundedness principle, since the inductive limit in (4) is regular by what we said 
before for the special case E — M. and hence the structure of (4) is convenient. □ 

4.7. Lemma. Let M be a non-quasianalytic DC-weight sequence. For any conve- 
nient vector space E the flip of variables induces an isomorphism L{E, {M., M)) = 
C*^(R,£:') as vector spaces. 
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Proof. For c G C^'{R,E') consider d{x) := ev^ oc G C^^(]R,R) for x G E. By 
the uniform boundedness principle ()4.ip the hnear mapping c is bounded, since 
evt oc = c{t) e E'. 

If conversely £ G i(£', C*^(R, R)), we consider = evf o£ e E' = L{E,R) for 
< G R. Since the homology of E' is generated by S := {evx ■ x G E'}, ^ : R ^ i?' is 
C^^ , for ev^ oi = e{x) e C^' (R, R) , by . □ 

4.8. Lemma. Let M = (Mfe) 6e a non-quasianalytic DC-weight sequence. By 
A^'^(R) we denote the c°° -closure of the linear subspace generated by {evt : t G R} 
in C^'^(R,R)' and let 6 : R ^ A*^(R) be given by t evj. Then A^(R) is the 
free convenient vector space over C*^, i.e. for every convenient vector space G the 
C^^ -curve 6 induces a bornological isomorphism 



We expect A^(R) to be equal to C^^(R,R)' as it is the case for the analogous 
situation of smooth mappings, see [191 23.11], and of holomorphic mappings, see 
[25] and [ig. 

Proof. The proof goes along the same lines as in [13 23.6] and in [HI 5.1.1]. 

Note first that A^^(R) is a convenient vector space since it is c°°-closed in the 
convenient vector space C*^(R,R)'. Moreover, 5 is C*^ by (|3.5p . since ev^, = h 
for aU h G C^^(R,R), so 5* : i(A^^(R),G) -> C^^(R,G) is a well-defined linear 
mapping. This mapping is injective, since each bounded linear mapping A*^(R) —> 
G is uniquely determined on d{R) = {ev* : t G R}. Let now / G C^^(R,G). Then 
£ofe G*^(R,R) for every £ G G* and hence / : G*^(R,R)' ^ Ug- ^ gi^en by 
/((^) = {ip(£ o f))i^G* is a well-defined bounded linear map. Since it maps evt to 
/(ev() = S{f{t)), where 6 : G ^ YIg' ^ denotes the bornological embedding given 
by a; {£{x))£(zg* , it induces a bounded linear mapping / : A^^(R) — » G satisfying 
f o S = f . Thus S* is a linear bijection. That it is a bornological isomorphism 
(i.e. (5* and its inverse are both bounded) follows from the uniform boundedness 
principles (|iT|) and □ 

4.9. Corollary. Let M = (Mk) and N — (Nk) be non-quasianalytic DC-weight 
sequences. We have the following isomorphisms of linear spaces 



(1) G°°(R,G^^(R,R)) ^ G^^(R,G°°(R,R)) 

(2) G'^(R,G^^(R,R)) =^ G^^(R,G"(R,R)) 

(3) G^(R,G*^(R,R)) ^^G*^(R,G^(R,R)) 

Proof. For a G {oo, uj, N} we get 

G^'^(R,G"(R,R)) ^ L(A^^(R),G"(R,R)) by KEh 



4.10. Theorem. (Canonical isomorphisms) Let M — (Mk) and N — (Nk) be 
non-quasianalytic DC-weight sequences. Let E, F be convenient vector spaces and 
let Wi be c°°-open subsets in such. We have the following natural bornological 
isomorphisms: 



(1) C''' {Wx,C^ {W2,F)) G'' {W2.C'' {Wx,F)), 

(2) C^^{Wi,C°°{W2,F)) ^ C°°{W2,G^''{Wi,F)). 

(3) C^^iWi,C^iW2,F)) ^ G^{W2,C^^iWi,F)). 

(4) C^iWi,L{E,F))^L{E,G^{WuF)). 

(5) C^^WiJ°^{X,F)) ^£°^{X,G'^^{Wi,F)). 



i(A^'^(R),G) =G^-^(R,G). 



G"(R,L(A^'^(R),R)) 
G"(R, G*^(R,R)) 



by 611), [1% 3.13.4, 
by gH). □ 



5.3, 11.15] 
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(6) C^HW^,Civ\X,F)) ^ n^\X,C^' {W^^F)). 
In (5) the space X is an -space, i.e. a set together with a homology induced by 
a family of real valued functions on X, cf. [51 1.2.4]. In (6) the space X is a Ci\)^ - 
space, cf. [U 1.4.1]. The spaces e'^{X,F) and Cip''{W,F) are defined m 8, 3.6.1 
and 4.4.1]. 

Proof. All isomorphisms, as well as their inverse mappings, are given by the flip of 
coordinates: / i— > /, where f{x){y) := f{y){x). Furthermore, all occurring function 
spaces are convenient and satisfy the uniform iS-boundedness theorem, where S is 
the set of point evaluations, by jUI]), ^19, 11.11, 11.14, 11.12], and by [3 3.6.1, 
4.4.2, 3.6.6, and 4.4.7]. 

That / has values in the corresponding spaces follows from the equation f{x) = 
evx o f. One only has to check that / itself is of the corresponding class, since it 
follows that / 1-^ / is bounded. This is a consequence of the uniform boundedness 
principle, since 

(eva; o( ))(/) = ev^(/) = f{x) = cv^ of = (ev^;)^/). 

That / is of the appropriate class in (1) and in (2) follows by composing with 
the appropriate curves ci : R ^ Wi , C2 : M ^ W2 and X G F* and thereby reducing 
the statement to the special case in ()4.9p . 

That / is of the appropriate class in (3) follows by composing with ci G 
C^''{R,Wi) and Cf^^{c2,X) : C'^{W2,F) ^ C'32(R,R) for aU X £ F* and C2 G 
C*(]R,W^2),where/32isin{oo,tj}. Then C'^^C2, X)o f oci = (C^^(ci, A) 0/0C2)'" : 
R ^ C'32(M,K) is C*^ by since C^-^ (ci , A) o / o C2 : M 1^2 ^ C"{Wi,F) 

C^^(]R,R) is 

That / is of the appropriate class in (4) follows, since L{E, F) is the c°°-closed 
subspace of C'^'^ [E, F) formed by the linear C*^-mappings. 

That / is of the appropriate class in (5) or (6) follows from (4), using the free 
convenient vector spaces (-^{X) or X^{X) over the £°°-space X or the the £ip - 
space X, see 5.1.24 or 5.2.3], satisfying l'^{X,F) = L{e{X),F) or satisfying 
Cvp^{X, F) = L{X'^{X), F). Existence of these free convenient vector spaces can be 
proved in a similar way as in ()4.8p . □ 

5. Exponential law 

5.1. Difference quotients. For the following see [H 1.3]. For a subset K C R", 
a ~ (ai, . . . , an) £ N", a linear space E, and f : K ^ E let: 

M<^> = {(xo,...,a;fe) eR'^+i : ^ fori ^j} 

K°' ^ {{x^, . . . , x") G M"i+^ X • • • X M""+i : {x^ , . . . ,x1J e K for < i, < aj} 
^("> ^ n (M<"i> X • ■ • X R^"">) 

p^{x)^kl II for x^ixo,...,Xk) eR'''''^ 

0<3<k 

5"f{x\ x") = ^ • . . 5^ A, (xi) . . . A„ ix-)fixl ,...,<) 
i;i=o j:„=o 

Note that (5°/ = / and (5" = J^- o • • ■ o where 

S'^g{x\ . . . , x") = S\g{x\ . . . , x^-\ , x^+\ . . . , x"))(x^). 

Lemma. Let E be a convenient vector space. Let U C R" be open. For f : U E 
the following conditions are equivalent: 
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(1) f:U^E isC^^. 

(2) For every compact convex set K in U and every I <^ E* there exists p > 
such that 



P^^:aeN-,xeKi-^ 
pl"l|a|!M|„l 



is bounded in R. 

Furthermore, the norm on the space Cp\K,R) from (|2.8p (for convex K) is also 
given by 



\p^K := sup 



- I'^°/(^)I 
,pl"l|a|!Af|„| 



Proof. By composing with bounded linear functional we may assume that E = M.. 

(1) (2) If / is C*^ then for each compact convex set K iu U there exists 

p > such that 



is bounded in M. 

For a differentiable function g : M ^ M and io < ■ ■ ■ < tj there exist Si with 
ti < Si < ti+i such that 

5^g{t(i, ...,tj) = 5^^^g'{so, Sj_i). 

This follows by RoUe's theorem, see [121 12.4]. Recursion, for g = 9"/, shows that 
S^fix", . . . , x") = 9"/(s) for some s€K. 

(2) =^ (1) / is C°° by |H1 1.3.29] since each difference quotient S"f is bounded 
on bounded sets. 

For g e C°°(M,M), using (see 8, 1.3.6]) 

j i-l 

2=0 ;=o 

induction on j and differentiability of g shows that 

j 

i_ ' 



i=0 



where S^^^g{to, . . . ,tj,ti) := limt_^t. d^'^^g{to, . . . ,tj,t). If the right hand side di- 
vided by pl"l |a|! M|c,| is bounded, then also S^g'/{p^°'^ \a\\ M\a\) is bounded. 

By recursion, applied to 5 = S^d°'~^ f, we conclude that / £ C*^. □ 

5.2. Lemma. Let E be a convenient vector space such that there exists a Baire vec- 
tor space topology on the dual E* for which the point evaluations evx are continuous 
for all X G E. For a mapping f : M" E the following are equivalent: 

(1) £of IS C^^ for alUe E* . 

(2) For every convex compact K C M" there exists p > such that 
^ -^^^^ ■ a G N", X £ K)- IS bounded in E. 



|a|!M|„| 

(3) For every convex compact K C M" there exists p > such that 
S"f(x) 



|a|! Afi 



— : a G N",a; e 
a\ J 



bounded in E. 
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Proof. (2) => (1) is obvious. 

(1) =^ (2) Let K be compact convex in M". We consider the sets 



Ap c U e E* : '^"[^ jl^^' < C for all a & W\xe k} 



which are closed subsets in E* for the Bairc topology. Wc have [Jpc^p.c = E* . 
By the Baire property there exists p and C such that the interior U of Ap^c is 
non-empty. If G then for all £ G E* there is an e > such that e£ € U — £o 
and hence for all x S if and all a we have 

\d'^{eof)ix)\ < i(r((6^ + 4)°/)(2;)| + < |a|!Af|„|. 

So the set 

,pl"l |a|!M|,| 

is weakly bounded in and hence bounded. 

(3) =^ (1) follows by Lemma (|5.ip . (1) => (3) follows as above for the 
difference quotients instead of the partial differentials. □ 

5.3. Theorem. (Cartesian closedness) Let M — (Mk) be a non-quasianalytic DC- 
weight sequence of moderate growth (I2.5.ip . Then the category of C'^^ -mappings 
between convenient real vector spaces is cartesian closed. More precisely, for con- 
venient vector spaces E, F and G and c°°-open sets U Q E and W F a mapping 
f : U X W ^ G is C'^Uf and only if : U ^ C^' {W, G) is C^^ . 

Proof. We first show the result for [/ = M, = M, G = M. 

If / e C^^(]R2,M) then clearly for any a; € M the function f"^ [x) = /(.t, ) 6 
C*^(]R,R). To show that : R ^ C*^(R,R) is C*^ it suffices to check ^2) for 
all I € C*^(R,R)*. Such an i factors over lim^C^^(L) for some compact L C R. 

Let if C M be compact. Since / is C*^ there exists C > and p > by lemma 
([5?T|) such that 

'hmm^' foraeN^(a:,y)e(if xL)<"). 

Since M is of moderate growth (|2.5.ip we have Mj+k < a^^'^ MjMk for some ct > 0. 
Let a = {ai,a2) G N^. Then: 



5^-r{x) 



p"' ai! Mai 



Lpi V2 ' '2 l"l |q;|! Ai|„| J 

<sup( l'^"/'^;^'^^! : ^2 e N,v e L<"^>| < C for ai e N,a; e if^"^^ 
- npl"l |a|!M|„| ' /- 

for pi = P2 = 2ap. So : K ^ Cp'i^' ^) "^^^^ Thus ^ o is C^^. 

Conversely, let : M ^ C^'^(R,M) be C^' . Then : R ^ lim^^ C'^f 

is C'^' for all compact subsets i C R. The dual space (lin^^ Cp^{L,M.))* can be 

equipped with the Baire topology of the countable limit lim ^ Gp^{L, R)* of Banach 
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spaces. 



■C 



>P2 



Thus the mapping 



hm 



>P2 



is strongly C*^ by Since the 



is countable and regular ([71 7.4 and 7.5] or [T^ 

t: 



inductive limit lim C„ (L. 

52.37]), for each compact C K there exists pi > such that the bounded set 



is contained and bounded in Cp^L, 
X & K we have (using (|2.1.3p ) 



for some P2 > 0- Thus for ai G N and 



cxD > C := sup 

y<EK 



\5r5Tf{x,y) 



> 



P2,L 



P2,L 



>sup|— 



a2 e 



„a2 ai! 02! 
■ Pi P2 (ai+Q2)! 



(ai + Q;2)!AfQj+c<2 



: a2 e N,?; £ 



where p = max(pi,p2)- Thus / is C*^. 

Now we consider the general case. Given a C*^-mapping f : U x W G we 
have to show that : U ^ C^^(W,G') is C*^. Any continuous linear functional 
on C^'{W,G) factors over some step mapping C^^(c2,£) : C^{W,G) C*^(R,R) 
of the cone in p.ip where C2 is a C^^-curve in and £ € G* . So we have to check 
that C'^^C2,£) o / V o ci : R ^ C^'^ (R, R) is C^'^ for every C*^-curve ci in [/. Since 
(£ o / o (ci X 02))^ = C^^(c2,£) o o ci this follows from the special case proved 
above. 

If : [/ ^ C*^(W^, G) is C*^ then (^ o / o (ci x ca))^ = C^^(c2, ^) o o ci is 



C^^ for all C*^ -curves ci : 
is then C*^. 



U, C2 -.R W and i e G* . By the special case, / 

□ 



5.4. Example: Cartesian closedness is wrong in general. Let M be a DC- 
weight sequence which is strongly non-quasianalytic but not of moderate growth. 
For example, Mk = 2'=' satisfies this by ^1}. Then by there exists / : R^ ^ R 
of class C*=^ with a"/(0,0) = |a|! Af|„|. We claim that : R ^ C*^(R,R) is not 

Since M is not of moderate growth there exist jVi 00 and A;„ > such that 



M, 



> n. 



Consider the linear functional I : C*^(R,R) R given by 
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This functional is continuous since 



^ .g(^")(0) 



for suitable p where 



< y - \"r — < <^(P) IISIL f-1 11 < OO 



C{p) :=^p^"-L<oo 



for all p. But £ o /^is not since 



^ 1 ;0 M(o,o) 

(jn + k„)l M,^+k„ n^"+'='' 

> sup —r > sup —r = OO 



for all pi > 0. 



5.5. Theorem. Let M be a non-quasianalytic DC-weight sequence which is of mod- 
erate growth. Let E, F, etc., be convenient vector spaces and let U and V be c°°- 

open subsets of such. 

(1) The exponential law holds: 

C^{U, C^{V, G))^C^{Ux V, G) 

is a linear C^'^ -diffeomorphism of convenient vector spaces. 
The following canonical mappings are . 

(2) ev:C^([/,F)x[/^F, e^{f,x) = f{x) 

(3) ins : ^ C^(F, E x F), \ns{x){y) = {x, y) 

(4) ( )^ ■.C^{U,C^{V,G)) ^C^{U xV,G) 

(5) ( y -.G^iUx V, G) ^ C^\U, C^{V, G)) 

(6) comp : G^ (F, G) xC^{U,F)-^ G^^ {U, G) 

(7) G^{ , ):G^{F,Fi)xG^{Ei,E)^G^{G^{E,F),G^{Ei,Fi)) 

if, a) ^ {h ^ f o h o g) 

(8) n ^ n ^""(^^ ^ ^"^w n 

Proof. (2) The mapping associated to ev via cartesian closedness is the identity 
on G^\U,F), which is thus ev is also C^. 

(3) The mapping associated to ins via cartesian closedness is the identity on 
ExF, hence ins is G^ . 

(4) The mapping associated to ( )^ via cartesian closedness is the G^- 
composition of evaluations ev o(ev x Id) : (/; x, y) i— > f{x){y). 

(5) We apply cartesian closedness twice to get the associated mapping (/; x; y) i— > 
f{x,y), which is just a G^ evaluation mapping. 

(6) The mapping associated to comp via cartesian closedness is {f,g;x) i— > 
f{g{x)), which is the C^'^-mapping evo(Id x cv). 

(7) The mapping associated to the one in question by applying cartesian closed- 
ness twice is {f,g;h,x) i— > g{h{f{x))), which is the C*^-mapping evo(Idxev) o 
(Id x Id x ev). 

(8) Up to a flip of factors the mapping associated via cartesian closedness is the 
product of the evaluation mappings C'^{Ei, Fi) x Ei ^ Fi. 
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(1) follows from (4) and (5). □ 

6. Manifolds of C*^-mappings 

6.1. C^^-manifolds. Let M — [Mk) be a non-quasianalytic DC-weight sequence 
of moderate growth. A C*^-manifold is a smooth manifold such that all chart 
changings are C*^-mappings. Likewise for C^'^-bundles and C*^ Lie groups. 

Note that any finite dimensional (always assumed paracompact) C°°-manifold 
admits a C°°-diffeomorphic real analytic structure thus also a C*^-structure. 
Maybe, any finite dimensional C*^-manifold admits a C*^-diffeomorphic real ana- 
lytic structure. 

6.2. Spaces of C*^-sections. Let i? ^ i? be a C*^ vector bundle (possibly infinite 
dimensional). The space C*^(i? ^ E) of all C*^ sections is a convenient vector 
space with the structure induced by 

a 

s 1-^ prj oipa o s o 

where B D Uq, "° > Ua{Ua) C is a C^^-atlas for B which we assume to be 
modelled on a convenient vector space W, and where ipa ■ E\u^ ^ Ua x V form a 
vector bundle atlas over charts Ua of S. 

Lemma. For a C*^ vector bundle E B a curve c : K ^ C^^ {B ^ E) is C*^ if 
and only if c'^ -.R x B ^ E is C^' . 

Proof. By the description of the structure on {B ^ E) we may assume that B 
is c°°-open in a convenient vector space W and that E — BxV. Then C*^ {B Bx 
V) = C^^B, V). Then the statement follows from the exponential law (|5.3p . □ 
An immediate consequence is the following: If [/ C i? is an open neighborhood 
of s{B) for a section s, F — > i? is another vector bundle and \i f : U ^ F 
is a fiber respecting C^' mapping, then : C^' {B ^ U) ^ C^' {B ^ F) is 
C^' on the open neighborhood C^\B <- [/) of s in C'^' {B ^ E). We have 
idif..)is)v),^dif\unEj{six))iv{x)). 

6.3. Theorem. Let M = [Mk) be a non-quasianalytic DC-weight sequence of mod- 
erate growth. Let A and B be finite dimensional C^' manifolds with A compact. 
Then the space C^^ {A, B) of all C^^ -mappings A ^ B is a C^^ -manifold modelled 
on convenient vector spaces C^\A <— f*TB) of C^^ sections of pullback bundles 
along f : A ^ B. Moreover, a curve c : R ^ C^'^{A,B) is if and only if 
c"" -.Rx A^ B is C^'. 

Proof. Choose a C*^ Riemannian metric on B which exists since we have C*^ 
partitions of unity. C^^-vector fields have C^^'^-fiows by ^iSj; applying this to the 
geodesic spray we get the C*^ exponential mapping exp : TB Z) U ^ B of this 
Riemannian metric, defined on a suitable open neighborhood of the zero section. 
We may assume that U is chosen in such a way that (7rB,exp) : U ^ B x B is 
a C*^ diffeomorphism onto an open neighborhood V of the diagonal, by the 
inverse function theorem due to [l4] . 

For / G C^'-' {A, B) we consider the pullback vector bundle 

AxbTB = f*TB ^^^^ TB 

f'lTB 

k^^B 
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Then C^^A ^ f*TB) is canonically isomorphic to the space C*^(A, TB) f := {h (= 
C^{A, TB) : TTB o h = f} via s ^ {Tr*gf) o s and (Id^, h) ^ h. Now let 

Uf := {g e C^'{A, B) : (/(x), g{x)) G V for all x G A}, 

uf.Uf-^ C'^^A ^ f*TB), 

Uf{g){x) = {x,expj^^.^{g{x))) = (a;, ((tts, exp)"^ o {f,g)){x)). 

Then is a bijective mapping from Uf onto the set {s G C^^(A ^ f*TB) : s{A) C 
= (ttIj/)^^ ([/)}, whose inverse is given by uy^(s) = expo(7r|j/) o s, where we 
view U ^ B as fiber bundle. The push forward u/ is C*^ since it maps C^^-curves 
to C*^-curves by lemma ([12]). The set Uf{Uf) is open in C^'^ {A ^ f*TB) for the 
topology described above in (|6.2p . 

Now we consider the atlas {Uf,Uf)ffzcM(A,B) for C^^(A, i?). Its chart change 
mappings are given for s G Ug{Uf Ci Ug) C C*^(A ^ g*TB) by 

(u/oUg^)(s) = (Ha, (7ri3,exp)"^ o (/,expo(7r^g) o s)) 

= {tJ^ °T-g),(s), 

where Tg(a;,Yg(^)) :— {x,ey.Y>g(x)(Xg{x))) is a C*^ diffeomorphism Tg : g*TB 3 
g*U (g X Ids)^^(V^) C A x B which is fiber respecting over A. The chart 
change Uf o u^^ — {tJ^ ° Tg)^ is defined on an open subset and it is also C^^ since 
it respects C^^-curves. 

Finally for the topology on C*^ (A, B) we take the identification topology from 
this atlas (with the c°°-topologies on the modeling spaces) , which is obviously finer 
than the compact-open topology and thus Hausdorff. 

The equation Uf o uj^ = (tJ^ o r^), shows that the C^^ structure does not 
depend on the choice of the C*^ Riemannian metric on B. 

The statement on C^^-curves follows from lemma ()6.2p . □ 

6.4. Corollary. LetAi,A2 and B be finite dimensional C^^ manifolds with Ai and 
A2 compact. Then composition 

C''iA2,B) X C''iAi,A2) ^ C^'iAuB), if,g)^fog 

is C^^ . However, if N — {Nk) is another non-quasianalytic DC-weight sequence of 
moderate growth with (Nk/MkY^'' \ then composition is not . 

Proof. Composition maps C^^-curves to C^'^-curves, so it is C^^. 

Let Ai = A2 = 51 and B = R. Then by (j^X^ there exists / G C*^(S'\M) \ 
{S^ ,M.). We consider / : R — > M periodic. The universal covering space of 
C^^ {3-^,3^) consists of all 27rZ-equivariant mappings in C*'^(M, M), namely the 
space of all g + Wr for 27r-periodic g G C'^ . Thus {S^ , S^) is a real analytic 
manifold and t ^ {x x + t) induces a real analytic curve c in {3^, 3^). But 
/, o c is not since: 

{d!^\t=o{f.oc)mx) ^ d^\t^of{x + t) ^ /W(x) 

which is unbounded for a; in a suitable compact set and for all p > since / ^ 
C^. □ 

6.5. Theorem. Let M = (Mk) be a non-quasianalytic DC-weight sequence of mod- 
erate growth. Let A be a compact ( =^ finite dimensional) C*^ manifold. Then 
the group Diff (A) of all C^^ -diffeomorphisms of A is an open subset of the 
manifold C'^'^A, A) . Moreover, it is a C^^ -regular C^ Lie group: Inversion and 
composition are C*^. Its Lie algebra consists of all C^^ -vector fields on A, with the 
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negative of the usual bracket as Lie bracket. The exponential mapping is C . It is 
not surjective onto any neighborhood of Ua ■ 

Following [10], see also JH 38.4], a C^-^-Lie group G with Lie algebra g = T^G 
is called C*^-regular if the following holds: 

• For each C*^-curve X G C*^(R,0) there exists a C*^-curve g G C^^(M, G) 
whose right logarithmic derivative is X, i.e.. 



The curve g is uniquely determined by its initial value 5(0), if it exists. 
• Put eYo\Q{X) ~ g(l) where g is the unique solution required above. Then 
evolc : C^'^(M,0) G is required to be C*^ also. 

Proof. The group Diff*^(A) is open in C*^(A,A) since it is open in the coarser 
G^ compact open topology, see [H 43.1]. So DifF^(A) is a C*''^-manifold and 
composition is by (|6.3p and (|6.4p . To show that inversion is C*^ let c be a 
C*f-curve in Diff^(yl). By the map : R x A ^ A is C*^ and (invoc)^ : 
Rx A ^ A satisfies the finite dimensional implicit equation c^(i, (inv oc)^(t, x)) — x 
for X ^ A. By the finite dimensional implicit function theorem [M] the mapping 
(invoc)^ is locally and thus G^ . By (j6.3p again, invoc is a C^'^-curve in 
Difr^(A). So inv : Difr^(A) ^ Diff*^(yl) is C^^ . The Lie algebra of Difr^(A) is 
the convenient vector space of all C*^-vector fields on A, with the negative of the 
usual Lie bracket (compare with the proof of [121 43. f]). 

To show that Diff (A) is a C*^-regular Lie group, we choose a C^^-curve in 
the space of C*^-curves in the Lie algebra of all C^^ vector fields on A, c : R 
C^(R, C^(A ^ TA)). By lemma ([62]) c corresponds to a R^-time-dependent C*^ 
vector field c^^ : x A TA. Since C*^-vector fields have C*^-flows and since A 
is compact, evor(c^(s))(t) = Flf is C^^ in aU variables by [15]. Thus Diff^^(A) 
is a C^-regular C^^ Lie group. 

The exponential mapping is evoF applied to constant curves in the Lie algebra, 
i.e., it consists of flows of autonomous C*^ vector fields. That the exponential map 
is not surjective onto any C*^-neighborhood of the identity follows from [THl 43.5] 
for A = S^. This example can be embedded into any compact manifold, see [9]. □ 



The traditional differential calculus works well for finite dimensional vector 
spaces and for Banach spaces. For more general locally convex spaces we sketch 
here the convenient approach as explained in |S] and |19| . The main difficulty is 
that composition of linear mappings stops to be jointly continuous at the level of 
Banach spaces, for any compatible topology. We use the notation of 19] and this 
is the main reference for the whole appendix. We list results in the order in which 
one can prove them, without proofs for which we refer to jl9] . This should explain 
how to use these results. 

7.1. The c°°-topology. Let i? be a locally convex vector space. A curve c : M. ^ E 
is called smooth or if all derivatives exist and are continuous - this is a concept 
without problems. Let C°°(R, i?) be the space of smooth functions. It can be 
shown that the set C°° (R, E) does not depend on the locally convex topology of E, 
only on its associated homology (system of bounded sets) . 

The final topologies with respect to the following sets of mappings into E coin- 
cide: 



( 



5(0) - e 

dtg{t) ^TAp^(*y}X{t)^X{t).g{t) 



7. Appendix. Calculus beyond Banach spaces 



(1) G°°{R,E). 
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(2) The set of all Lipschitz curves (so that ^si^Lj^dl : t ^ s} is bounded in E). 

(3) The set of injections Eb E where B runs through all bounded absolutely 
convex subsets in E, and where Eb is the linear span of B equipped with 
the Minkowski functional ||a;||B:=inf{A>0:a;G XB}. 

(4) The set of all Mackey-convergent sequences Xn ^ x (there exists a sequence 
< A„ oo with Xn{xn — x) bounded). 

This topology is called the c°°-topology on E and we write c°^E for the resulting 
topological space. In general (on the space V of test functions for example) it is 
finer than the given locally convex topology, it is not a vector space topology, since 
scalar multiplication is no longer jointly continuous. The finest among all locally 
convex topologies on E which are coarser than c°°E is the bornologification of the 
given locally convex topology. If S is a Prechet space, then c°°E = E. 

7.2. Convenient vector spaces. A locally convex vector space E is said to be 
a convenient vector space if one of the following equivalent conditions is satisfied 
(called c°°-completeness): 

(1) For any c £ C°°(]R, E) the (Riemann-) integral c{t)dt exists in E. 

(2) Any Lipschitz curve in E is locally Riemann integrable. 

(3) A curve c : M ^ S is smooth if and only if A o c is smooth for all A € 
i?*, where E* is the dual consisting of all continuous linear functionals on 
E. Equivalently, we may use the dual E' consisting of all bounded linear 
functionals. 

(4) Any Mackey-Cauchy-sequencc (i. e. tnm{xn — for some t„m oo 
in M) converges in E. This is visibly a mild completeness requirement. 

(5) If B is bounded closed absolutely convex, then Eb is a Banach space. 

(6) li f E is scalarwise £ip'', then / is dp'', for fc > 1. 

(7) If / : R — > is scalarwise C°° then / is differentiable at 0. 

(8) If / : M ^ ^ is scalarwise C°° then / is C°°. 

Here a mapping f -.R ^ E is called dp'' if all derivatives up to order k exist and 
are Lipschitz, locally on M. That / is scalarwise C°° means A o / is C°° for all 
continuous linear functionals on E. 

7.3. Smooth mappings. Let E, F. and G be convenient vector spaces, and let 
U d E he c°°-open. A mapping f : U ^ F is called smooth or C°°, if / o c G 
C°°(R, F) for all c € C°°{R,U). The main properties of smooth calculus are the 
following. 

(1) For mappings on Frechet spaces this notion of smoothness coincides with 
all other reasonable definitions. Even on this is non-trivial. 

(2) Multilinear mappings are smooth if and only if they are bounded. 

(3) If f : E F is smooth then the derivative df : U x E ^ F is smooth, 
and also df : U ^ L{E,F) is smooth where L{E,F) denotes the space of 
all bounded linear mappings with the topology of uniform convergence on 
bounded subsets. 

(4) The chain rule holds. 

(5) The space C°°{U, F) is again a convenient vector space where the structure 
is given by the obvious injection 

C^{U,F) ^"^'^-^^ = Yl C°°(R,R), f^iiofocUe, 

ceC'=^(R,u),e£F' 

where C°° (M, R) carries the topology of compact convergence in each deriv- 
ative separately. 
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(6) The exponential law holds: For c°°-open V <Z F , 

C°°{U,C°^{V,G)) ^C°°{U X V,G) 

is a linear diffeomorphism of convenient vector spaces. Note that this is the 
main assumption of variational calculus. 

(7) A linear mapping f : E C°°{V,G) is smooth (bounded) if and only if 
E C°°(y,G) G is smooth for each v eV. This is called the 
smooth uniform boundedness theorem ,19, 5.26]. 

(8) The following canonical mappings are smooth. 

ev : G°°{E, F) x E ^ F, ev(/, x) = f{x) 
ins-.E-* C°°{F, E X F), ms{x){y) = (a;, y) 
( ■.G'^iE,C°^{F,G)) ^C°^iE X F,G) 
( y ■.G'^iE X F,G) -> C'^iE^G'^iF^G)) 
comp : G°°{F,G) x G°^{E,F) G°°{E,G) 

C°°( , ):C°^{F,Fi)xG°°{Ei,E)^G'^{G'^{E,F),G°°{Ei,Fi)) 
{f,9)^{h^foho g) 

7.4. Remarks. Note that the conclusion of (|7.3I 6) is the starting point of the 
classical calculus of variations, where a smooth curve in a space of functions was 
assumed to be just a smooth function in one variable more. It is also the source 
of the name convenient calculus. This and some other obvious properties already 
determines the convenient calculus. 

There are, however, smooth mappings which are not continuous. This is un- 
avoidable and not so horrible as it might appear at first sight. For example the 
evaluation E x E* ^M.\s jointly continuous if and only if E is normable, but it is 
always smooth. Clearly smooth mappings are continuous for the c°°-topology. 

8. Calculus of holomorphic mappings 

8.1. Holomorphic curves. Let E' be a complex locally convex vector space whose 
underlying real space is convenient - this will be called convenient in the sequel. Let 
B C C be the open unit disk and let us denote by 7i(D, E) the space of all mappings 
c :0 ^ E such that Aoc : B — > C is holomorphic for each continuous complex-linear 
functional A on E. Its elements will be called the holomorphic curves. 

If E and F are convenient complex vector spaces (or c°°-open sets therein), a 
mapping f : E F is called holomorphic if foe is a holomorphic curve in F for each 
holomorphic curve cin E. Obviously / is holomorphic if and only if Xo f : E —^ C is 
holomorphic for each complex linear continuous (equivalently: bounded) functional 
A on F. Let 7i{E, F) denote the space of all holomorphic mappings from E to F. 

8.2. Lemma. (Hartog's theorem) Let Ek for k — 1,2 and F be complex convenient 
vector spaces and let Uk C Ek be c°°-open. A mapping f : Ui x U2 ^ F is 
holomorphic if and only if it is separately holomorphic (i. e. /( , y) and f{x, ) 
are holomorphic for all x ^ Ui and y £ U2). 

This implies also that in finite dimensions we have recovered the usual definition. 

8.3. Lemma. If f : E D U F is holomorphic then df : U x E F exists, is 
holomorphic and C-linear in the second variable. 

A multilinear mapping is holomorphic if and only if it is hounded. 
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8.4. Lemma. If E and F are Banach spaces and U is open in E, then for a mapping 
f : U ^ F the following conditions are equivalent: 

(1) / is holomorphic. 

(2) / is locally a convergent series of homogeneous continuous polynomials. 

(3) / is <C- differ entiahle in the sense of Frechet. 

8.5. Lemma. Let E and F be convenient vector spaces. A mapping f : E ^ F is 
holomorphic if and only if it is smooth and its derivative in each point is C-linear. 

An immediate consequence of this result is that TL{E, F) is a closed linear sub- 
space of C°°(i?R,F]a) and so it is a convenient vector space if F is one, by (17.31 51. 
The chain rule follows from (|7.3I 4'). 

8.6. Theorem. The category of convenient complex vector spaces and holomorphic 
mappings between them is cartesian closed, i. e. 

n{E xF,G)^ n{E, H{F, G)). 

An immediate consequence of this is again that all canonical structural mappings 
as in (|7.3I 8') are holomorphic. 

9. Calculus of real analytic mappings 

9.1. We now sketch the cartesian closed setting to real analytic mappings in infinite 
dimension following the lines of the Frolicher-Kriegl calculus, as it is presented in 
[19j . Surprisingly enough one has to deviate from the most obvious notion of real 
analytic curves in order to get a meaningful theory, but again convenient vector 
spaces turn out to be the right kind of spaces. 

9.2. Real analytic curves. Let E he a. real convenient vector space with con- 
tinuous dual E* . A curve c : M ^ is called real analytic if A o c : M ^ M is real 
analytic for each X E E* . It turns out that the set of these curves depends only on 
the homology of E. Thus we may use the dual E' consisting of all bounded linear 
functionals in the definition. 

In contrast a curve is called strongly real analytic if it is locally given by power 
series which converge in the topology of E. They can be extended to germs of 
holomorphic curves along R in the complexification Ec of E. If the dual E* of E 
admits a Baire topology which is compatible with the duality, then each real analytic 
curve in E is in fact topologically real analytic for the bornological topology on E. 

9.3. Real analytic mappings. Let E and F be convenient vector spaces. Let U 
be a c°°-open set in E. A mapping f : U F is called real analytic if and only if 
it is smooth (maps smooth curves to smooth curves) and maps real analytic curves 
to real analytic curves. 

Let C"([/, F) denote the space of all real analytic mappings. We equip the space 
C'^{U, M) of all real analytic functions with the initial topology with respect to the 
families of mappings 

C"^([/,R) C"^(R,M), for aU c e C"(R,[/) 

C"^(t/,R) C°°(R,M), for aU c G C°°(M,C/), 

where C°°(R, R) carries the topology of compact convergence in each derivative 
separately, and where C"^(R,R) is equipped with the final locally convex topology 
with respect to the embeddings (restriction mappings) of all spaces of holomorphic 
mappings from a neighborhood of R in C mapping R to R, and each of these 
spaces carries the topology of compact convergence. 
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Furthermore we equip the space C'^{U, F) with the initial topology with respect 
to the family of mappings 

C'^{U,F) C"'(C/,M), for all A e F*. 

It turns out that this is again a convenient space. 

9.4. Theorem. In the setting of (j9.3p a mapping f : U —^Fis real analytic if and 
only if it is smooth and is real analytic along each affine line in E. 

9.5. Lemma. The space L{E,F) of all bounded linear mappings is a closed linear 
subspace of C'^{E,F). A mapping f : U ^ L{E,F) is real analytic if and only if 
evx of : U F is real analytic for each point x €z E. 

9.6. Theorem. The category of convenient spaces and real analytic mappings is 
cartesian closed. So the equation 

C^iU, C^iV, F)) C^iU X V, F) 

is valid for all c°°-open sets U in E and V in F, where E, F, and G are convenient 
vector spaces. 

This implies again that all structure mappings as in (|7.3I 8) are real analytic. 
Furthermore the differential operator 

d : C"(C/, F) ^C^iU, L{E, F)) 

exists, is unique and real analytic. Multilinear mappings are real analytic if and 
only if they are bounded. 

9.7. Theorem (Real analytic uniform boundedness principle). A linear mapping 
f : E-^C^iV, G) is real analytic (bounded) if and only if E ^ C"(F, G) G 
is real analytic (bounded) for each v gV. 
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